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I. INTRODUCTION 

One of the primary goals of contemporary particle/nuclear physics is to understand the structure of the nucleon. 
Indeed this is being pursued at the very highest energy machines such as HERA and SLAG, at which one probes 
the quark/parton substructure, as well as at lower energy accelerators such as BATES, ELS A and MAMI, wherein 
one studies the low energy structure of the nucleon via electron scattering. In recent years another important low 
energy probe has been (real) Compton scattering, by which one can study the deformation of the nucleon under the 
influence of quasi-static electric and/or magnetic fields m. For example, in the presence of an external electric field 
E the quark distribution of the nucleon becomes distorted, leading to an induced electric dipolc moment 

p^AnaEE (1) 

in the direction of the applied field, where as is the electric polarizability. The interaction of this dipole moment 
with the field leads to a corresponding interaction energy 

U = -U7TaEE\ (2) 

Similarly in the presence of an applied magnetizing field H there will be an induced magnetic dipolc moment 

M = ATrf3MH (3) 

and an interaction energy 

U = -UnpMH^. (4) 

For wavelengths large compared to the size of the system, the effective Hamiltonian for the interaction of a system of 
charge e and mass m with an electromagnetic field is, of course, given by the simple form 

H<»..i^..., ,5, 

and the Compton scattering cross section has simply the familiar Thomson form 

where aem is the fine structure constant and uj,uj' are the initial, final photon energies respectively. As the energy 
increases, however, so does the resolution and one must take into account also polarizability effects, whereby the 
effective Hamiltonian becomes 

H,s = ij(") ~ ^AniaEE^ + PmH^). (7) 

The Compton scattering cross section from such a system (taken, for simplicity, to be spinless) is given then by 

^^^^^[^(«£ + PmKI + COS 0)2 + has - Pm){1 - cos 0)2 + ...]. (8) 



dn 



It is clear from Eq. (^) that from careful measurement of the differential scattering cross section, extraction of these 
structure dependent polarizability terms is possible provided that i) the energy is large enough that these terms are 
significant compared to the leading Thomson piece and ii) that the energy is not so large that higher order corrections 
become important. In this way the measurement of electric and magnetic polarizabilities for the proton has recently 
been accomplished using photons in the energy range 50 MeV < lu < 100 MeV, yielding B F] 



^Results for the neutron extracted from n — Pb scattering cross section measurements have been reported M but have been 
questioned m. Extraction via studies using a deuterium target may be possible in the future M. 



(12.1 ±0.8 ±0.5) X 10^'' W 



/3^,f = (2.1 T 0.8 T 0.5) X 10~* fm^ (9) 



Note that in practice one generally exploits the strictures of causality and unitarity as manifested in the validity of 
the forward scattering dispersion relation, which yields the Baldin sum rule |q| 

P.n r^p.n ^ J_ r '^ P-" = / (13-69 ± 0.14) X 10-4fm^ proton , . 

"£ + Pm 27r2 io w2 '^*°* \ (14.40 ± 0.66) x lO-^fm^ neutron ^ ' 

as a rather precise constraint because of the small uncertainty associated with the photoabsorption cross section a^^^ . 

From these results, which imply that the polarizabilities of the proton are nearly a factor of a thousand smaller than 
its volume, we learn that the nucleon is a relatively rigid object when compared to the hydrogen atom, for example, 
for which the electric polarizability and volume are comparable. 

Additional probes of proton structure are possible if one exploits its spin S. Thus, for example, the presence of a 
time varying electric field in the plane of a rotating system of charges will lead to a charge separation with induced 
electric dipole moment 

p = -7i^x^ (11) 

and corresponding interaction energy 

Ui = -p-E = -/iE-Sx {V X B), (12) 

where we have used the Maxwell equations in writing this form. This is a quantum mechanical analog of the familiar 
Faraday rotation. (Note that the "extra" time or spatial derivative is required by time reversal invariance since S is 
T-odd.) Similarly other possible structures are |0,|[ 

U3 ^-fsE-VS-B 

Ui = -fiB-Sx{V X E), (13) 

and the measurement of these various " spin-polarizabilities" 7^ via polarized Compton scattering provides a rather 
different probe for nucleon structure. Because of the requirement for polarization not much is known at present about 
such spin-polarizabilities, although from dispersion relations the combination 

p V P OP f -1.34 X 10-4 W SAID [9] ,^.. 

7o = 7i - 72 - 274 « I _o 80 ^ 10-4 f^4 ^^^^ ^ (14) 

has been evaluated and from a global analysis of unpolarized Compton data, to which it contributes at ©(w^), 
Tonnison et al. llQ] have determined the so-called backward spin-polarizability to be 

7^ = 71 -I- 72 -t- 274 = (27.7 ± 2.3 ± 2.5) x lO""* fm^ (15) 

Clearly such measurements represent an important goal for the future. 

At the same time it has come to be realized that a high resolution probe of nucleon structure is available, in 
principle, via the use of virtual Compton scattering — VCS — wherein virtual photons produced from scattered elec- 
trons are scattered off a nucleon into real final state photons, transferring a three-momentum q to the target. The 
outcome of such measurements is, in principle, g-dependent values of the polarizabilities (usually termed "generalized 
polarizabilities" and denoted by GPs in the following) which can be thought of as the Fourier transforms of local 
polarization densities in the nucleon. At the present time a VCS experiment has already taken place at MAMl, and 
there exist approved experiments at BATES and TJNAF. Preliminary results have been reported from MAMl and 
will be discussed in the conclusion |12] . It is therefore appropriate to have a base of solid theoretical predictions with 
which such data can be confronted. The here presented approach, which utilizes the techniques of chiral effective 

141. In the first chiral calculation 



theories in the heavy fermion formulation, has already yielded several results |1J 
of generalized polarizabilities utilizing SU(2) Heavy Baryon Chiral Perturbation Theory (HBChPT) |l^, the leading 
momentum-dependent modification of the (generalized) electric (a£;(g)) and magnetic (/3m (9)) polarizabilities was 
analyzed. Later, in a short communication |I4|, numerical studies for the full g-dependence of all 10 generalized 



(Guichon) polarizabilities were presented — again using the framework of SU(2) HBChPT. In this work we present the 
details behind the numerical study of ref. |]l4| and, for the first time in the field of VCS, are able to present simple 
analytical expressions for all GPs in a momentum range from < cf < 0.5 GeV^ utilizing SU(2) HBChPT. These 
new expressions greatly facilitate the study of the influence of the chiral "pion cloud" on the GPs and the comparison 
with model calculations. Furthermore, we also investigate the leading modifications of the GPs' g-dependence due to 
A(1232) resonance contributions utilizing a different effective chiral lagrangian approach — the so called "small scale 
expansion" (SSE) iQ. SSE results have already been reported for real Compton scattering ||l^,|^, and in the present 
work we generalize the analysis to the VCS case. 

In the next section we shall discuss the definition of the generalized polarizabilities, while in Section III we present 
an introduction to the way in which our heavy baryon calculations — valid to one loop — are carried out. In section IV 
we show how to connect our predictions to the general formulation of VCS and how to extract the desired generalized 
polarizabilities. In section V, we present the results of our calculations. Finally, we summarize our findings in a 
concluding section VI. 

II. GENERALIZED POLARIZABILITIES 



Recently a new frontier in Compton scattering has been opened (see, e.g., |18|) and is now in the beginning of 
being explored: the study of the electron scattering process ep — > e'p'7 (cf. Fig. 1) in order to obtain information 
concerning the virtual Compton scattering (VCS) process ^*N -^ ^N. As will be discussed below, in addition to 
the two kinematical variables of real Compton scattering — the scattering angle and the energy to' of the outgoing 
photon — the invariant structure functions for VCS pO| , pi[ depend on a f/iirrf kinematical variable, e.g. the magnitude 
of the three-momentum transfer to the nucleon in the hadronic cm. frame, g = |gj. As shown in ref. ||21| , the 
VCS amplitude can then be characterized in terms of g-dependent GPs, in analogy to the well-known polarizability 
coefficients in real Compton scattering. However, due to the specific kinematic approximation chosen in pl[ | there 
does not exist a one-to-one correspondence between the real Compton polarizabilities and the GPs of Guichon et al. 
in VCS |l]-||. 

The advantage of VCS lies in the virtual nature of the initial state photon and the associated possibility of an 
independent variation of photon energy and momentum, thus rendering access to a much greater variety of structure 
information than in the case of real Compton scattering. For example, one can hope to identify individual signatures 
of specific nucleon resonances which cannot be obtained in other processes |18]. In this regard, it should be noted that 
a great deal of theoretical work already exists, such as predictions within a non-relativistic constituent quark model 
[21 1, a one-loop calculation in the linear sigma model |24|, a Born term model including nucleon resonance effects 
[25|, a HBChPT calculation of the leading g-dependence of the generalized electric and magnetic polarizability [ [l3[, a 
calculation of dEi'f) in the Skyrme model p3| and the numerical study of all 10 GPs again utilizing HBChPT [[14[. 
For an overview of the status at higher energies and in the deep inelastic regime we refer to p8| . 

The GPs of the nucleon have been defined by Guichon et al. in terms of electromagnetic multipoles as functions of 
the initial photon momentum q pll , 






uj^q'- 



(16) 



where L [L') denotes the initial (final) photon angular momentum, p (/?') the type of multipole transition (0 = C 
(scalar. Coulomb), I — M (magnetic), 2 — E (electric)), and S distinguishes between non-spin-flip {S — 0) and 
spin-flip {S = 1) transitions. In addition, mixed-type polarizabilities, P^p ^ '^^^{q'^), have been introduced, which are 
neither purely electric nor purely Coulomb type. It is important to note that the above definitions are based on the 
kinematical approximation that the multipoles are expanded around lo' = and only terms linear in u' are retained, 
which, together with current conservation, yields selection rules for the possible combinations of quantum numbers of 
the GPs. In this approximation, 10 GPs have been introduced in |2l| as functions of q"^: p(oi.oi)o, p(ii.ii)o ^ p(oi,oi)i ^ 
p(ii,ii)i p(oia2)i p(ii,02)i p(ii,oo)i p(oia)o p(oi,i)i p(ii,2)i 



^Chiral analyses of double virtual Compton scattering 7*p -^ j*p in the forward direction and its connection with the spin 
structure of the nucleon have recently been published |1£[| . 



However, recently it has been proven [g2|,g3|, using crossing symmetry and charge conjugation invariance, that only 
six of the above ten GPs are independent. With 

Luo ^ Mm - ^M% + f = - ^ + Oil/Ml) (17) 

and Mff being the nucleon mass, the four constraints implied by C invariance and crossing can be written as 






,f 



^0 



= 3^p(01>01)l(g2) _ V3P("'"°)l(g2) _ . /^^2p(ll,02)l(-2) (^8) 

ujQ V 2 



In the scalar (i.e. spin-independent) sector the first of Eqs.(E8[) allows us to eliminate the mixed polarizability p(oi'i)'' 
in favor of P'^°^'"^^° and p(ii^ii)Oj which are simply generalizations of the familiar electric and magnetic polarizabilities 
in real Compton scattering 



a.(.-^) = -|^/|p^-'-n.-^). 



In the limit g — > they reduce to the real Compton polarizabilities as, Pm of Eq.(|9|). 

In the spin-dependent sector it is not a priori clear which three of the seven GPs p(*'i'*'i)'^ , p(ii.ii)i ^ p(oi,i2)i ^ 
p(ii,02)i ^ p(ii,oo)i ^ p(oi,i)i ^ p(ii,2)i should be eliminated by use of Eq.([l|). However, the chiral analysis performed 
here shows that to leading order only 4 of the 7 spin GPs can be calculated— p(''i'i2)\ p(ii,02)i^ p(ii,oo)i^ p(oi,i)i^ 
Naturally w e focus on these four spin GPs, as p(*'i'*'i)i, p(ii.ii)i^ p(ii,2)i possess an extra suppression factor of l/M^ 
(see section V A3| ) which pushes them outside the validitiy of our analysis. Still, one can reconstruct the whole set 



of spin GPs via Eq.(|lq) if one wishes to do so. Finally, we note that in the spin-sector one can also establish a 
(partial) connection between the GPs defined in the context of VCS by Guichon ct al. ||2l| and the 4 real Compton 



spin polarizabilities 7;, z = 1...4 of Ragusa H given in Eqs.(12) and (O 



7.+'-.--£^P'"«'te^0) (20) 

These model-independent relations might provide an interesting possibility to determine some of the elusive (Ragusa) 
spin-polarizabilities by the upcoming experiments. 

III. THE CHIRAL FRAMEWORK 

A. Pion-Nucleon ChPT 

We want to perform the VCS calculation to 0{p'^) in Heavy Baryon Chiral Perturbation Theory (HBChPT) {e.g. 
see [^). We therefore need the lagrangians 

4'^s='C(^^+4'^- (21) 

We begin our discussion in the nucleon sector. For VCS to 0{p^) we need the lagrangians 



,(3) 

-N 






(22) 



with 



ci'l^N,{ivD + gAS-u)N,, 



,(2) 
,(3) 



1 



2Mo 



N^Uv DY -D'-- [S^, S''] (1 + «„) /+ + 2 (1 + ks) v'^J 



N.,, 



8M 



^N, {(1 + 2k„) [5^, ^J f^'^v^D" + 2{k,- k,) [S^, S,] v'^^^v^D" + li.c. + . . .} 7V„ 



(23) 



where we have only kept those termsrl which contribute to our VCS calculation. Furthermore, all terms which vanish 
in the "Coulomb gauge" v ■ A — 0, with w^ being the velocity vector {v^ = 1) of the nucleon and A^ denoting a 
photon field, have been omitted. The velocity-dependent nucleon field N^ is projected from the relativistic nucleon 
Dirac field \f'Ar via 



Ny = exp [iMov ■ x] P+^AT , 
where the velocity projection operator is given by 



(24) 



P.+ - 2 ^^+ ^^ 



(25) 



Sfj, denotes the usual Pauli-Lubanski vector {e.g. |27|) and Z?^ corresponds to the covariant derivative of the nucleon 



D^N, 



a„ + r„ - z«(f ) 



N„ 



(26) 



One also encounters the following chiral tensors in the VCS calculation: 

U — u^ — exp (ir • ■k / F-^) 
^ tj. = ^W [d^ ~ i e — aA u + u id^, - i e — aA u^ 

Uu = i<.u^ i df, - ie — Afj^j u- u idf^- ie — A^] u^ 



(27) 



In Eq.(p7|) r are the conventional Pauli isospin matrices, while tt represents the interpolating pion field. Furthermore, 



„(«) - . 1 



e -i Af^ denotes an isoscalar photon field and the corresponding field strength tensors in Eq.(23) are defined as 



,,(s) — a 7,(s) _ A ,,(s) 



/+" = u e— {d^,A^ - d^A^,) u^ + u^ e— {df,A^ - di,A^,) u . 



(28) 



From the pion sector we require information up to 0{p^) for a 0{p^) VCS calculation. Utilizing "standard ChPT" 
^ {i.e. the assumption of a "large" quark condensate parameter B) one finds 



/.(4) _ ^(2) , ^(4) 



TTTT ' TTTT 



(29) 



with 



We note that to the order we are working in the VCS calculation the nucleon mass parameter Mo can be replaced by the 
physical nucleon mass Afjv, the axial- vector coupling in the chiral limit (ja can be replaced with the physical axial- vector 
coupling constant gA ~ 1.267 and the isoscalar [isovector] anomalous magnetic moment of the nucleon in the chiral limit ks [k^j] 
can be replaced with the physical isoscalar [isovector] anomalous magnetic moment Ks = Kp + Kn = —0.120 n.m. [n^ = Kp — «:„ = 
3.71 n.m.]. Details of the renormalization of these parameters in the chiral lagrangian by loop effects and higher order counter 
terms can be found in ref. l28|, both for HBChPT and SSE. 



■'-■TTTr — 


?'■■ 


(v^c/)W^[/ + x^c/ + xC/^ 


'-TTTT 


e2 

QO„2 I 


_^M.a/3^^^^^^^0 ^ ^ ^ ^ ^ 



(30) 

where again we have omitted aU terms not required for the VCS calculation. Note that the only piece shown from 
the chiral O(p^) meson lagrangian is the so called "anomalous" or "Wess-Zumino" term ^^, which one needs for 
the 0{p^) pion-pole diagram of VCS shown in FigJ3(f). In the lagrangians of Eq.(pQ) one also encounters the chiral 
tensors 

X^2BM, (31) 

where M denotes the SU(2) quark mass matrix in the isospin limit to„ = md- 

Finally, we emphasize that we do not require any additional diagrams compared to the 0{p^) calculation for real 
Compton scattering |^l|. The complete set of non-zero diagrams we have to calculate is given in Fig.|| ((a) s-channel, 
(b) u-channel, (c) contact diagram and (f) i-channel pole term) and Fig.0 (iV7r-loop diagrams). In the following we 
will treat the tree and loop parts of the amplitudes separately, 



A, = AT'^ + 4°°P , (32) 

since the generalized polarizabilities are contained only in the latter. 

B. A(1232) and the Small Scale Expansion 

In standard SU(2) HBChPT, nucleon resonances like the A(1232) are considered to be much heavier than the 
nucleon and therefore only contribute via local counterterms. This approach is particularly well-suited for near- 
threshold processes {e.g. the multipole i?o+ in threshold pion photoproduction) where the resonance contributions 
are small and their contribution to counterterms can be estimated by a simple Born diagram analysis. However, if 
one wants to move away from threshold, nucleon resonances, in particular the lowest lying SU(2) resonance A(1232), 
contribute as dynamical degrees of freedom and the theoretical treatment in terms of local counterterms generates a 
slowly converging perturbative series. In this kinematical regime it is therefore advantageous to formulate an effective 
field theory which keeps the resonance as an explicit degree of freedom. In addition to this dynamical consideration 
there is also another practical concern regarding the inclusion of resonance effects via counterterms. Even if simple 
Born exchange might be the dominant contribution of a particular resonance, the local counterterm in the chiral 
Lagrangian that subsumes this effect might be of higher order in the calculation, so that the leading and even the 
subleading result can misrepresent the perturbative series. A well-known example of this type are the so-called spin- 
polarizabilitics of the nucleon, wherein one encounters very large contributions due to A(1232) Born graphs that 
only start contributing via counterterms at 0{p^) in the chiral calculation {e.g. |17|| ). Situations of this type require 
a "resummation" of the standard chiral expansion in order to push resonance effects into lower orders to restore 
meaningful perturbative expansions for quantities of interest in low energy baryon physics. 

In order to address these two different but related issues in the field of resonance physics in baryon CHPT, the so 
called "small scale expansion" of SU(2) baryon ChPT has recently been formulated |1^J3^. In this chiral effective 
theory one treats the nucleon and the first nucleon resonance — A(1232) — as explicit degrees of freedom, and, to 
address the second problem, the chiral power counting is modified to bring A(1232) related effects into lower orders of 
the calculation. In the "small scale expansion" one organizes the Lagrangian and the calculation in powers of the scale 
"e", which, in addition to the chiral expansion parameters of small momenta q and the pion mass TOtt, also includes 
the A(1232) — A^(940) mass splitting A = Ma — M^. Of course, this modification of the chiral counting implies 
that one has to repeat the whole procedure of construction of the Lagrangian and the determination of counterterms 
and coupling constants, even for processes which only involve nucleons in the initial and final states. For first results 



regarding the modified renormalization of nucleon parameters we refer to 1 28 

For our calculation below, which (as far as the GPs are concerned) is done only to leading order — O(e^) — in the 
small scale expansion of the (generalized) polarizabilities, we shall require only the propagator involving the A(1232) 
as well as the couplings NNj, NN^j, NAtt and NAj. Details of the "small scale expansion" formalism are given in 



ref. |32|. Here we only list the minimal structures necessary for the present calculation. The systematic 1/M-expansion 



of the coupled A'^A-system starts with the most general relativistic chiral invariant lagrangian involving spin 1/2 {iPn) 



and spin 3/2 {i/jVj baryon fieldsQ. The "light" spin 3/2 field T* in the effective low-energy theory is projected from 
its relativistic Rarita-Schwinger counterpart V'u via 

T;(a;) ^ P+ Pj/3')^^ C(2^) eM^Mov ■ x), (33) 

where we have introduced a spin 3/2 projection operator for fields with fixed velocity v^ 

^(33^)m^ = 9^u - 3 7m 7^ - 3 {Hf.Vu + ^VT^ fl ■ (34) 

The remaining components, 

G;(x) - (g^, - P+ P^^^^^^) r^{x) eM^Mov ■ x), (35) 

can be shown to be "heavy" pi] and are integrated out. Resulting from this procedure one finds the (non- relativistic) 
chiral lagrangians of the "small scale expansion" (SSE): 

^SSE ^ ^SSE ^ ^SSE ^ ^^SSE ^ ^_^ ) (3g) 

To the order we are working here Cff^ agrees with the chiral lagrangian C\j (Eq.(p2|)) needed for VCS. From the 
chiral SSE lagrangians explicitly involving the A field we need the structures p2| 

£« = -ftg,,, [iv ■ D'^ - Ao S'^ + ..]t;' 

A — yTTN, 

ibi 



C^n'a - g^NATt wlN + h.c. 






Mo " 



71 ,r *-* J+IJ.V 



iV + h.C, (37) 



where Aq = Ma — Mq can be identified with the physical delta-nucleon mass difference to the order we are working, 
i.e. Mq = Mn- The corresponding chiral tensors needed for VCS read 

Dil = d^S'^ - *i (1 + ^3) A^S^' + ee'^'A^ + ■■■ 

/;^, = e5'^ {d^^A, ~ d.A,) + ... (38) 

The coupling constants defined in Eq.(|37|) are determined from fits to the strong and electromagnetic decay widths 
of the Delta resonance within the "small scale expansion" . To the order we are working one requiresM |l^,p3| g-wNA — 
1.05 ± 0.02 and 61 = 3.85 ± 0.15. 

The leading propagator for a A(1232) field with small momentum A;^ is then given by 

_.p3/2 

3/2 _ i^t,u ^ij , . 

'-'uu ^ , A I ■ '^/=3/2' y^"^ 

where P^i is the spin-| heavy baryon projector in d-dimensions |3^ 

P%^ - 5m- - ^>^^^ + ^"^A^*^- (40) 

and 



''in order to take into account the isospin 3/2 property of the A(1232) we supply the Rarita-Schwinger spinor with an additional 
isospin index i, subject to the subsidiary condition Ti ipl^ix) — 0. 

^Note that these values are determined from the width expressions within the "small scale expansion" and therefore differ 
from those obtained in a relativistic analysis, e.g. see ref. [JLm. 



C3/2 = ^^^'-3-V (41) 

is the corresponding isospin projector. The vertices relevant for our calculation can be read off directly from Eg. (p7\) . 
As in the nucleon case, the resulting diagrams can be separated into two classes — one-loop graphs and Born graphs. 
The systematics of the "small scale expansion" uniquely fixes the number and type of diagrams for VCS to be 
calculated to O(e^). It turns out that to the order we are working there are two Born diagrams involving the A(1232) 
(Fig.0(d,e)) and nine Ayr-loop diagrams (Fig.O), which turn out to have exactly the same structure as their chiral Ntt 
analogues (cf. Fig.Q). However, before undertaking any such calculation, it is necessary to work out the formalism 
for VCS. 

IV. VIRTUAL COMPTON SCATTERING 
A. General Structure 

We begin by specifying our notation for the virtual Compton process 

7*(6^ qn + Nip';) -> 7(e'*^ q'n + N{p'}). (42) 

Here the nucleon four-momenta in the initial and final states are denoted by p^ — {Ei,pi) and p't = (Ej^pf) 
respectively. The virtual initial [real final] state photon is characterized by its four- momentum q^ = (uj^q)^ q^ < 
[q''^ = [uj'.q'), q'"^ = 0] and polarization vector e'' = (eo,e) [e''^ = (eo,e')]. 

Since our discussion refers to an electron scattering experiment, wherein the virtual photon is exchanged between 
the electron and hadron currents, the polarization vector of the incoming photon is given by 

Ep = e Ue'(fcl) 7p Ue(fc2) — , (43) 

where Ue(fci),Me'(fc2) £^re electron Dirac spinors with four-momenta fc^ (^2) before (after) emission of the virtual 
photon. The unit charge e is taken as e = Y/47r/137 > 0. 

In addition to the proper VCS process displayed in Fig. 2a there are also Bethe-Heitler processes taking place 
(Fig.2b,c), 

and such Bethe-Heitler contributions must be carefully evaluated before one can infer any information about the VCS 
matrix element from the electron scattering cross section.pl In the following, however, we will focus on the evaluation 
of the VCS matrix element M^'"^ (Fig. 2a). For details on j\/iBethe-Heitier ^^^^ ^j^g calculation of the cross section 
we refer to [ |l2| and references therein. 

From now on we will work in the center of mass system of the final state photon-nucleon subsystem, 

Vf = -q', Vi = -q = -q Cz , 

u:' + ^Mj, + c^'2 =u; + ^Ml + q-2 , (45) 

where the z-axis is defined by the three-momentum vector q of the incoming virtual photon. Utilizing the Lorentz 
gauge]], 

£•(7 = 0, eo = i e, , (46) 

with e = eV + CzCz, one can express the VCS matrix element in terms of twelvd^ independent kinematic forms 



^In fact, the primary source of information about the structure of the nucleon in the process eN — > e' N'y comes from the 
interference between 7W^^^ and >(^'=""=-^"""\ 

'^Our calculations are actually performed in the Coulomb gauge, see the discussion in appendix H. 

*It is helpful to employ the identity given in appendix Irf when reducing Pauli structures to the 12 structure amplitudes 
employed here. 



M^^^ = i e^ {{"* -er Ai+ e'* ■ qer ■ q' A2+ iff ■ (e'* x eV) ^3 + « ct • (g' x q) e'* ■ eV A4 
+ i(j ■ (e"* X 9) e*T • g' A5 + i <T • (e"* x q') ct ■ q' Aq 
— i a ■ (eV X q) e '* ■ q At ~ i a ■ (eV x q) e '* • g Ag 

+-i^ e^ [e"* • g Ag + i CT • (g' X 9) e^'* • 9 Aio + i CT • (e '* x g) An + i ct • (e'* x g') Au] 



(47) 



where ct^, i = x,y, z are Pauli spin matrices. Utilizing Eg. ([45|) , each aniphtude Ai, i=l,12 is then a function of three 
independent kinematic quantities — ti;',g and 6. 

B. Separation of Born- and Structure-Part 

The twelve VCS amplitudes Ai(aj', 9, q) can be decomposed into a (nucleon) Born part Af°^'"-{u!' , 9, q) and a structure 
dependent part Ai{uj' ,9,q), 



A,iu;',9,q)^Af''^^iu;',e,q)+Mij',9,q). 



(48) 



To third order in both the chiral and small scale expansions, the Born part contains the nucleon pole diagrams 
(Fig.0(a,b)), the Thomson seagull graph (Fig.p|(c)) and the (anomalous) pion-pole graph (Fig.0(f)). In the case of a 
proton target one finds 
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(49) 



where A^ = 4,itFt^ denotes the scale of chiral symmetry breaking |Q| . One can easily verify that the low energy forms 
of these structure functions are in agreement with the constraints implied by the Low theorem in the case of real 
Compton scattering [p5| — q = — and with the generalized low energy theorem in the case of VCS |2|,pfl]. From the 
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above expressions it can also be seen that the pion-pole contributions — Fig.^(f) — which scale linearly with g^, affect 
only the spin-dependent structure amplitudes, as expected from the pion-nucleon coupling structure. All additional 
contributions are contained in the structure-dependent parts Ai{cu' , 6, q) of the amplitudes, from which one can extract 
the (generalized) polarizabilities. 

C. Connection with the GPs 

In this section we present the formulae by which the GPs are related to the twelve structure-dependent amplitudes 
A,{u;', e,q), i = 1... 12 to 0{p^) in HBChPT and to 0{€^) in SSE. First, we focus on the spin-independent GPs. 

To leading order in both the chiral and small scale expansions the spin-independent GPs a£;(g), /3m(9) can be 
found from the structure functions Ag{uj' ,6,q), A2{uj',9,q) via Il3] 



4^^te) = |- 



8. I^^^'^(-' ^'«") 



'=0 



:i(3)..^_ e 1 d ;f(3), 



P^\q)^-j^-.^A->i.'Aq) 



(50) 



Note that the structure amplitudes in general have a dependence on the scattering angle 6, whereas the GPs are only 
functions of q. The independence of the GPs on 9 therefore serves as a non-trivial check on the calculation. 
Likewise, the four independent spin-dependent GPs can be found from the relations p7| 



p(3) fa) - - ^ ^ 



d 



3V3 q^ duj' 
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'=0 



Vi duj'- 



4^2^(c^',0,g-)--4?(c.',0,g) 



(51) 



'=0 



We note that these relations are only exact to third order in the chiral and in the small scale expansion. The analysis 
of ref. [ p7| must be generalized before one can perform any fourth order calculations. Thus, to the order we are 

(3) (3) " (3) • ■ " (3) 

working, the remaining three spin-dependent GPs P(r,i niU' ^(ii iiU' ^fii 211 ^"^^ ^^^ additional scalar GP P(ni ^r. can 
only be reconstructedn with the help of the charge-conjugation constraint of Eqs.dlJ), yielding 
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(3), 
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^5\ <9 1(3), 



UJ'=0 



'-F a^-'S"''-'"-') 



'=0 



(52) 



^The origin of this impediment lies in the fact that the quantity tJo ~ Mn — -v/i\f|^ + g^ strictly speaking is suppressed by a 
factor of 1/A/jv in both the chiral and small scale expansions. Full sensitivity to uoq dependent quantities can therefore only be 



achieved in Ofp*), respectively 0(e*') calculations. 
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with Wo = Miq — \/M'^ + q^ . Note that the spin-dependent GPs are just functions of the three-momentum transfer 
q, whereas their generating structure amphtudes in Eqs.( pl[ - p2| ) also depend on the scattering angle Q — leading again 
to a non-trivial check on the calculation as in the case of the spin-independent GPs. 

With these definitions of the GPs we now turn to the results of the chiral and small scale expansions. 



V. RESULTS 

In this section we present the results for the generalized polarizabilities calculated in two different chiral effective 
theones-~0{p^) HBChPT and 0{e^) SSE. 



A. 0{p^) Heavy Baryon ChPT 

1. Structure Amplitudes 



The only diagrams left at 0{p^) for the structure dependent part are the nine A^7r-continuum diagrams (Fig.H), which 
correspond to the pion-cloud of the nuclcon in the formalism o f bary on chiral perturbation theory. All other diagrams 
have already been accounted for in the Born part of section [VB . We can now calculate the 0{p^) contributions 
to the 12 VCS structure amplitudes defined in Eq.(p7|), with all our results given in the CMS of the the final state 
photon- nuclcon subsystem. From appendix ^ one can read off the spin-independent structure amplitudes to 0{p'^), 
yielding 
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(53) 



(54) 



The spin-dependent structure amplitudes to 0{p^) in the chiral expansion can also be found from the expressions in 
appendix \ 



Af{u;',9,q) 



9\ 



^'k'^FI 



— dx dy < — yml — lo'"^ arcsin 
V ^0 Jo I 



LO 



+ V' 



m^ — oj^x^ arcsin 



m 

UJ' X 

m 



+ ^/ml - LO' 



+ Lu'x log 



12^2 



x^ arcsm 



12 



+ sin^ e(l-x)x(l- yf y ^- — ^-^^^ 

2 /-l /■! 



'?V,«.« = 3|^/^/*(l-»)^^||=5 



T 



m 



+ cos6' (1 — x) X (1 — y) y 
A^i\c.'A'i)-:r4E^tdx[\ylil-x)il-yf^!^^^^M 

6 V , ^-^y 4^2^2y^ Jo \ Vm2 - r2 



3 g2^'2 (rVm2 - T2 + m2 arcsin [|1] ) 



(to2 — T2) 



3 



(l-a;)x(l-y) y 



g2a;'2 (TVm^ - T2 + to2 arcsin [^] ) 



to2 (to2 __ y2'J 



Ar(^-,^,.-)-T4, /^x /^J.fa-1) "'^""""^^] 



4^2^2y^ Jo M Vm2 - T2 



, g2^^'2 (r^^2 - T2 + to2 arcsin [511 ) 
+ cos9{l~x)x{l-yfy- !^ ^™^^ 



(to2 — T2) 



4.,.,„-,.^^'.^'„L,_„il5i|l 



^ , o g2^'2 (T^Jm? -T"^ +rh^ arcsin \Z] ) 
1 - a; X 1 - yf y ^— — ^^^^^ 

y/ y " 2 / - 2 ^^2^3/2 



Ai'S {u;', e, q) = Af^ {u;', 6, q) + 4'^ (a;', 6, q) 

, 9a ' ' 



Jo Jo m^ (m2 — T2) ' 



87r2F2 7o 7o ^j2 (j^2 _ J^2)3/2 

4f (a;', 0, q) = A^{lo' , 0, g) + A^{uj\ 0, q) 

q\ /■! f^ \ , ,9 arcsin[ii6Ll „ arcsin [511 



Stt^F^ Jo Jo [ Vm2 _ ^,2^2 Vm2 - r2 

-x(l - x)y{l ~ yftJ 



n3_3 iT^/rh? — T'2 + m2 arcsin[;^] 



1^,) (c.', 6, q) = COS ^ Af (..', ^, g) + ^ /' '^^ f ^y { (1 - y) (2y - 1) "'^"ri"rf^ 



^ , o q2w'2 (rVm2 - T2 + 77i2 aicsin [51] ) 1 ^ ^ 

+2cos9{l~x)x{l-yfy^- ^ ^^ ,, ^^ (55) 

TO^ [m — 1 ^) J 

Eqs.( p3| , p5| ) constitute the full 0{p^) HBChPT results for the structure part in virtual Compton scattering off the 
nucleon. As such, they are independent of the particular formalism of Guichon and could also be used to extract 
alternative descriptions of generalized polarizabilities, e.g. see the recent paper by Unkmeir et al Q. 

2. Spin-independent Polarizabilities 

From the 0{p^) HBChPT results for the 12 structure amplitudes given in the previous section one can now extract 
the GPs as defined by Guichon, following the general formulae given in Eqs.(|5(]|-52|). In this subsection we first focus 
on the spin-independent GPs aE{q), Pm{<i)- 
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The leading g-dependent modification of aE{q), Puiq) has already been analyzed in ref. llSI and one finds 
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(56) 



First, we note that in the limit q ^ one recovers the well-known real Compton results at g = |31 
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(57) 



which work extremely well when compared with the existing experimental information given in Eq.(|9|). 

As already pointed out in ref. [|l3[, the slope of aE{q), PM{q) with respect to q shows the opposite sign for the 
two spin-independent polarizabilities. These respective slopes are uniquely determined by the chiral structure of the 
nucleon, i.e. the "pion-cloud" , as given by the TriV-loop diagrams of Fig.(0). At 0{p'^) ChPT therefore leads to the 
remarkable prediction that the (generalized) magnetic polarizability PmvI) f^ses with increasing three- momentum 
transfer in a s mall window near g = 0. The subleading, i.e. ©(p^), correction to this result is not known at this point, 
but in section VB we discuss the leading modification of the slopes due to the A(1232) resonance. 

Starting from the expression for the individual Feynman diagrams given in appendix pi the TrA'^-loop contributions 
to cxEiq), PAiiq) can be shown to possess analytic expressions for their q-dependence. To 0{p^) we find the remarkably 
simple closed form expressions 
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(58) 



These HBChPT predictions for dE{q), PM{<i) are also shown in Fig.|[ One observes a relatively sharp fall-off in 
the electric GP, whereas the magnetic GP shows the rising behaviour for low values of q as described above. This 
remarkable effect has its origin in the chiral structure of the pion cloud surrounding the nucleon and poses a formidable 
challenge to form- factor-supplemented Born- models of the GPs {e.g. see |2^]). From Eq.(^8|) the maximum of the 
magnetic GP can be determined to be 



PZ""- {q = 2.38m,) = 1.29 x ^m(O) 



(59) 



indicating a 30% enhancement of this GP relative to its value at the real photon point. Using the C-invariance 
relations Eqs.(|lq), we can also read off the remaining spin-independent GP 
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(60) 



Once more we note that p(*'i'i)0(g) is not an independent GP, but can be found as a linear combination of 

a^^'{q), Pm (q) via the charge-conjugation constraint Eq. (|l8|) . The extra suppression by 1/Mn compared to Eq.([5q) 
arises from the expansion of the ujq factor defined in Eq. (|l7|). 

Having discussed the scalar (spin-independent) structure of the nucleon, we now move on to the spin-dependent 
analysis. 
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3. Spin-dependent Generalized Polarizahilities 



Following the identification of the GPs from the 12 structure amplitudes via Eqs.( |5l[|52D we can also analyze the 



behaviour of the spin-dependent GPs near q — 0. For the four independent spin GPs we find 
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(61) 



whereas the remaining three spin-dependent GPscan be determined via Eq. 
relations Eq.(p^): 



^) as a consequence of the C-invariance 
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(62) 



with /i = m„/Afjv. As in the case of p(*'i'i)0(g) of Eq.(|60|), one can clearly see that these three GPs are formally 
suppressed by an additional factor of l/Mfq relative to the four independent spin GPs of Eq.(p^) and therefore 
ordinarily would not be accessible in a 0{p^) calculation. It is only the charge- conjugal ion constraint that allows 
us to extract them from the Ai ' VCS amplitudes. It is also interesting to note that four of the generalized spin- 



(3) 



polarizabilities vanish in the real Compton limit — q -^ 0. In the case of ^m nou (9)' ^foioDi^^)' ^di 11)1(9) this 
follows from charge conjugation invariance and crossing symmetry, as pointed out by Drechsel et al. [E3|. On the 
other hand, for ^ni 2)1(9) the zero appears to be a numerical accident which is only true at this order, since the linear 
sigma model calculation of ref. |24| violates this condition. Nevertheless the zero in the first three cases is a powerful 
confirmation of the internal consistency of the ChPT approach to generalized polarizabilities. 

As in the case of the spin-independent sector it is possible to give analytic expressions for the 7 spin-dependent 
GPs. Defining the auxiliary function 
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(63) 



the four independent generalized spin-polarizabilities to third order in the chiral expansion read 
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(64) 



The 0{j)^) HBChPT results for these four spin-dependent GPs are shown in Fig.(n). All are found to be negative 
in the low energy regime and three of them show a steep rise with q at low three-momentum transfer — except for 
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P(iIqq)i{q): which vanishes for q — 
C-constrained GPs are found to be 



and is strongly faUing off for small finite values of q. The remaining three 
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(65) 



with Wo defined in Eq.(|l7|). Their resulting g-dependence is shown in Fig.(||). P(oi,ai)i{q)i -^(11,11)1(9) vanish for 
q ^ as required by C-invariance ||2^, whereas the unconstrained spin-dependent GP -P(ii, 2)1(9) rises at low q and 
shows an unusual turnover point near <f ^ 0.2 GeV2. Once more we note that these three particular GPs, strictly 
speaking, lie beyond a, 0{p^) calculation and could only be deduced via the C-invariance constraints of Eq.(|l^). 

From an analysis of the corresponding spin-polarizabilities in real Compton scattering [ pT| one knows that in some 
cases there exist large corrections at ^2 =: Q to these chiral 0{p^) results of the spin-polarizabilities due to the Delta 
resonance. On the other hand, the spin-independent polarizabilities a^;, /3a/ are known to be well described within 
OijP') nN HBChPT (see Eq.(|56|) in the limit q -^ and ^^). In the next section we will therefore analyze the leading 
effects of the A(1232) on the GPs in a different chiral effective framework, which contains the A(1232) as an explicit 
degree of freedom. 



B. 0(6^) Small Scale Expansion 



1. General comments regarding SSE and Compton scattering 



In HBChPT the effects of A(1232) are incorporated via higher order contact interactions, i.e. the effects of this 
particular resonance are not directly tractable in the calculation. If one is interested in such kind of questions, one 
needs a chiral effective framework which includes A(1232) as an explicit degree of freedom in a consistent power 
counting framework — one approach of this kind is SSE as laid out in section IIIB. 

First, we would hke to stress again that any SSE calculation to O(e^) does not just equal the corresponding 0{p^) 
HBChPT calculation plus some additional diagrams with explicit Delta degrees of freedom. SSE constitutes a chiral 
effective theory separate from HBChPT — for example, even single nucleon coupling structures which look the same in 
the (bare) lagrangians of the two theories can undergo quite a different coupling constant renormalization or acquire 
different beta- functions, for details we refer the interested reader to ref. p^. For the particular case of (real) Compton 
scattering we would like to remind the reader that HBChPT and SSE show quite a different convergence behaviour 
for the (real) Compton polarizabilities ll^], which is expected to also hold true for the here discussed generalized 
polarizabilities of VCS. 

In principle there are two kinds of additional contributions to the ©(p^) HBChPT results presented in the previous 
section — A(1232) pole graphs (Figj3|(d,e)) and A7r-continuum effects (FigJ^). The latter are straightforwardly obtained 
from the results given in appendix TcL w hereas the Delta pole effects to be discussed here are identical to their (real) 
Compton contributions discussed in|l7[. 



2. Spin-independent results 



{III) 



First we discuss the 0{e ) SSE results for the spin-independent GPs a^ (g), f3\j (q) near q = to facilitate the 
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comparison between HBChPT and SSE. One finds 
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The important point to note in Eq.(Bq) is the fact that the g-dependence is only modified in a very weak fashion 
by the inclusion of explicit delta degrees of freedom. In that respect SSE to 0{e^) and HBChPT to 0{p'^) are quite 
compatible. However, the same problems known from real Compton scattering [ |lq , [l7| appear in the limit g — > 0, 
which in the Guichon definition of the GPs corresponds to the real photon point. In asiO) — > ctE the A7r-continuum 
of Fig.(|h produces a shift of 4.2 x 10""* fm , which when added to the 12.5 x 10^** fm from the iV7r-continuum of 
Fig.(y), leads to a much larger number then the current values of ag [0]. In /3m (0) — > (3m the effect is even more 
dramatic. Here it is the large magnetic contribution^" of 7.2 x 10^"* frrr coming from the q-independent delta pole 
graphs of Fig.(gd,e) which spoil any agreement with the currently accepted number for J3m of the proton (2). On 
the other hand, the sum of the contributions from the Nt:- and from the A7r-continuum has the right magnitude of 
~ 2 X 10~^ fm for the magnetic polarizability, constituting the "chiral version" of the unwanted presence of a large 
A(1232)-induced paramagnetism, which is well-known in the literature p9| . A large source of diamagnetism due to 
the pion-cloud has been identified in refs. Q] in the case of (real) Compton scattering, but this mechanism, which 
leads to a sensible (central) value of /3m ~ 3.5 10"'* fm for the proton, can only be implemented in a 0{p'^) HBChPT 
(respectively C(e'*) SSE ?) calculation and is therefore beyond the scope of this analysis. 

Keeping these problems in mind, we nevertheless are convinced that the g-dependence is described reasonably well 
by the O(e^) calculation and that the problems described above only refer to the correct normalization of the theory 
at the real photon point g ^ 0. We base this expectation on the observation that the relevant scale of the q-evolution 
in Eq.(pq) at small momentum transfer is given by the quantity (f /m.'i, i.e. the momentum dependence arises from 
the "pion-cloud" of the nucleon. At the next order — 0{e^) — new diagrams are expected to correct the normalization 
at the photon point. The q-dependence of these diagrams however is then expected to scale with q"^ /(Mj^mT^), i.e. it 
should be much weaker due to the appearance of the extra suppression factor Tn^/M^v of the next order. Whether 
this expectation will hold true can, of course, only be decided once aE{q), Pm{<i) have been explictly calculated to 
0{e^). An analysis of the renormalization of a^, Pm in real Compton scattering to Oie'^) is under way [Q and will 
later be extended to the case of VCS at ©(e''). 

For completeness we also give formal expressions for the two spin- independent GPs. Unlike the case of 0{p^) 
HBChPT in SSE to 0{t^) we were not able to obtain closed form expressions — 

^2„2^ 4-^2-21- f8-2-2l--^l ^^arctan^ 

-(III) f -\ 6 gj^TTlTj m^ y m^ ™ J / 9 ^rajr 
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-4(1 - y) [5 {J'i (T- A,7fi2) + J^' (-T- A,m2)) _ (r2 + ^2 _ ^2 _ ^ j~^ 

(j^'(T-A,m2)+J^'(-r-A,m2))] 
-2 [3 J^ (-A, m]) + {m) - ml) ^ (-A, m})] 
-X (1 - 2x) f (4 {uj'x - A, m^) + J'q {-uj'x - A, m^)) 
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As expected, as is completely free of delta pole contributions to this order, quite analogous to the case of real Compton 



scattering |1(^ 
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(68) 



We note that the relevant J-functions are defined in appendix!^ and the mass-/energy variables occuring in Eq.(|6^) 
have been given in E c|.(54| ). 

The results of Eq.(^) are also shown in Fig.||. Once more, we do not advocate the use of these C'(e'^) SSE curves 
in a realistic analysis of VCS at this point as there are large known cancellations which arc not included yet to this 
order. A realistic use of these curves could be the prescription 
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(69) 



where the index exp. refers to the current experimental numbers for a^, Pm of ref. 0. The results of this operation 
are shown in FigJlfl. There one can clearly see that the A(1232) related effects at 0(e'^) SSE enhance the q-trend 
already seen at 0{p^) HBChPT. Of course we want to emphasize that the prescription of Eq.(|69|) leaves the strict 
realm of chiral effective theories and just constitutes an ad hoc fix to include some effects that are of higher order in 
the (slowly converging) SSE expansion for the spin-independent GPs. 
Now we move to the generalized spin polarizabilities in SSE. 



3. Spin- dependent results 



Once more we start from a discussion of the GPs near q — Q. It should be noted that there are no A pole 
contributions^^ to any of the generalized spin polarizabilities at 0(e^), quite in contrast to the real Compton (Ragusa) 
spin polarizabilities 72, 74 |l^. The 0{t^) results for the four independent spin GPs therefore exclusively arise from 
the Ntt- and A7r-continuum graphs of Figs.(^,||) and can be found from the expressions given in appendices ^ and y. 
One obtains 
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(70) 



which, however, is suppressed by an additional factor of 1/Mm originating in ujq of Eq.(|l7[) and therefore is counted as a 0{e^ 
effect. 
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First, we observe that SSE to 0(e"^) obeys the C-invariance constraint ]p3] hniq^o P(\\ qis\\W) — Oj ^^ does the 0{p^^ 
HBChPT calculation in Eq. ( |6l| ) . Second, we note that there is no strong renormalization of the above^2 spin-dependent 
GPs at the real photon point due to A(1232) related effects. We observe that in general the effects from the Att- 
continuum are small and always interfere destructively with the corresponding contribution from the iV7r-continuum, 
in contrast to the constructive interference in the spin-independent sector of section VB 2| . 

As in the previous section, we were not able to give the full spin-dependent 0{e^) results in a closed form expression 
but utilize a Feynman-parameter representation and the J-functions defined in appendix |A|: 
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'^■^This is to be contrasted with the individual (real) Compton spin polarizabilities 72 and 74 defined by Ragusa, see ref. WA- 
To be more specific about the connection between VCS and real Compton scattering we utilize Eq.d2Cj) and find 
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with the input from Eq.(|7l[). This is in complete agreement with the results of ref. 
pole contribution cancels in this particular linear combination of 72 and 74. 



(72) 
It turns out that the large A(1232) 
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Note that the auxiUary function g(x) has already been defined in Eq.(p3[) and the niass-/energy- variables again 
correspond to the structures introduced in Eq.(Q). We present the absolute ©(e^) SSE predictions for the four 
independent spin GPs in Fig.O. It clearly shows that the ©(e"^) curves are always lying higher than the corresponding 
0{p^) HBChPT ones. In all cases the two curves share a similar behaviour in their ^-dependence — leading to the 
conclusion that there is "no dramatic" signal of the A(1232) resonance in the spin-dependent GPs to 0{e^) compared 
to the dominant contributions from the A'^Tr-continuum. 

Finally we note that the remaining (linearly dependent) generalized spin polarizabilities P(qi oni: ^m nU' (11 2)1 
may be found via the charge-conjugation constraint Eq.(18). 



VI. THE MAINZ EXPERIMENT 



As mentioned above, the pioneering VCS experiment^ has taken place at Mainz, and preliminary results of the 
analysis are now available |12|. The measurement was performed at q^ — 0.36 GeV^ and used parallel kinematics 
although relativistic forward-focussing allowed access to events as much as ± 26 degrees out of plane. Nevertheless 
the desired generalized polarizabilities were hidden behind a very large Bethe-Heitler background and their extraction 
was a real experimental tour de force. Consulting Fig.|[ we note that at q"^ — 0.36 GeV^ the 0{p'^) HBChPT 
calculation predicts that asiq) should have decreased by as much as 50% from its real photon value, whereas the 
much smaller GP (3m (q) is predicted to have slightly increased. As can be seen from the HBChPT predictions in 
Figs.0,H, the spin-dependent GPs will dramatically change with regard to the real photon point. Thus the confrontation 
of theoretical predictions with the MAMI results offers a chance to realistically test theoretical pictures of nucleon 
structure. Essentially two quantities were determined experimentally — the combination P^l — Ptt / ^ of longitudinal 
and transverse response functions, which is primarily sensitive to the generalized electric polarizability UEiq) (plus 
linear combinations of spin GPs) |l2[|2l| ], as well as the interference term Plt, depending on the generalized magnetic 
polarizability I3m{<i) and the spin GP p(oi^oi)i(g) [ p2|j2l| ] (which itself can be expressed as a linear combination of 
the 2 spin GPs p(ii'0'')i(g) and p(ii'''2)i^q^ ^j^^ ^-j-^^ C-invariance constraint of Eq.([l8|)). Results of the experiment 
together with predictions from Oip^) H BChPT^ and other theoretical models are given in Table 1. Obviously only 
the chiral picture (refs. [|l3|,Q; sections [V A 2| , V A3 of this work; Figs, g, 0, ||) is able to explain the experimental 
features at this point. Of course this is only a single experiment at a single momentum transfer and results from 
other laboratories and other values of (p are needed in order to confirm our predictions. Nevertheless the agreement 
is certainly encouraging. 



^^We note that the theoretical predictions of the q-dependence in the GPs given in refs. iMiHl preceded the analysis of the 
experiment at Mainz. 

^*We do not give predictions for the response functions of Oic') SSE due to the discussed normalization problem in 6r^ ' {q = 
0). However, we believe that the 0{£^) SSE predictions for the spin GPs will be helpful for ongoing studies on double polarization 
VCS experiments, which might provide the possibility to study the connection between Ragusa and Guichon spin-polarizabilities 
as indicated by Eq.(|2C|). 
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VII. SUMMARY 

Virtual Compton scattering — eN — > e' N^ — opens the way to high rcsohition study of nucleon structure by mea- 
suring generahzed polarizabiHties (GPs), which are momentum-dependent analogues of the familiar polarizabilities 
determined in real Compton scattering. In this work, we have calculated these quantities within the framework of 
conventional heavy baryon chiral perturbation theory to third order in the momentum expansion as well as to third 
order in the "small-scale expansion", which contains the A(1232) as an explicit degree of freedom. As originally 
defined by Guichon et al., there exist ten such GPs, three being associated with spin-independent correlations and 
seven connected with spin-flip structures. At third order both in HBChPT and in SSE only six of these — two spin- 
independent and four spin-dependent — survive, and we have calculated these directly. In the case of the A-pole and 
TriV loop contributions, we were able to obtain results for the GPs which are simple analytic forms, while in the case 
of the corrresponding 7rA(1232)-continuum contributions only numerical results could be given. We briefly discussed 
the results from the first VCS experiment on the proton from Mainz at Q^ = 0.33 GeV^. The success in predicting 

the measured response functions resulted from a combination of a sharp falloff of a^ (g), a slight rise of j3\,j (q) and a 
strong incarease in the contributing spin GPs with momentum-transfer q. All these effects are intimately related to the 
chiral dynamics of the pion cloud, which can be calculated very precisely in chiral effective theories like HBChPT and 
SSE — with HBChPT at least in the spin-independent sector having the better convergence behaviour as far as we can 
tell at this point. In particular, for the case of the generalized magnetic polarizability both HBChPT and SSE predict 
a rising behaviour as one goes away from the real photon point — q'^ = — up to a momentum q^ ~ 0.1 GeV^. This is 
a distinctive feature of the chiral calculations and generally not found in simple quark model evaluations. It expresses 
the feature that chiral invariance requires local regions both of paramagnetic (at small distances) and diamagnetic (at 
larger distances) magnetic polarizability densities in the nucleon. Aside from the widely discussed g-dependences of 
the generalized electric and magnetic polarizabilities, the strong variation of the GPs in the spin-sector is likely to 
be of interest for further study, both on the experimental and on the theoretical side. Considering the results of the 
chiral calculations for the spin polarizabilities in real Compton scattering we believe that the 0{e'^) SSE calculation 
should be quite competitive with the 0{p^) HBChPT analysis at least as far as the generalized spin-polarizabilities 
are concerned. Future measurements at Bates, MAMI and TJNAF will clarify this issue. 

It goes without saying that our calculation is preliminary in that it does not include important corrections arising 

at 0{p^)/0{e^) — see, e.g. the discussed normalization problems in a^ (0), Pjy,j (0). An 0{p'^) HBChPT analysis 
has been carried out in the case of the real Compton electric and magnetic polarizabilities in ref. Effl and important 
corrections and uncertainties were found which, while not drastically modifying the basic numerical predictions ob- 
tained at 0(j>^), did introduce sizable uncertainties into the predictions due to unknown counterterms which had to be 
estimated via resonance exchange. We may then anticipate a similar behavior here — that such higher order corrections 
will not change the basic pattern of the chiral 0{p^)/0{e^) predictions, but mainly only correct the (photon-point) 
normalization. However, verification of this assumption awaits detailed future calculations. Lastly, we stress once 
more the motivation for performing electron scattering experiments on the nucleon: Different theoretical approaches 
may yield comparable results at the real photon point, but the details of the underlying dynamics can be analyzed 
in a much more powerful way by studying the Q^-dependence. In conclusion, VCS on the nucleon has matured to 
become a precise testing ground for our notions of nucleon structure at low energies. 
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APPENDIX A: LOOP FUNCTIONS 

The formalism to calculate the loop diagrams for Compton scattering both in ChPT and in the small scale expansion 
has been described in detail in the appendices of ref. Ilfl] . Therefore we shall only give some definitions of the basic 
building blocks. 

We express the invariant amplitudes of Feynman diagrams containing pion-nucleon loops in terms of d-dimensional 
J-functions, defined via 
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with the small imaginary part 77 denoting the location of the pole. 

In the case of Compton scattering at 0{p^) or 0{e^), all loop- integrals can be expressed in terms of the four 
functions Am, Jo{W, M), J2{W, M), J(i{W, M), which are related via 
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with Am denoting the meson integral 



^Af = - 
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and Jo{W,M) being the basic meson-baryon integral with arbitrary energy W and mass variable Af. Explicit 
representations for these building blocks can be found in appendix A of ref . [|l6[ . 

Finally, we remind the reader that all propagator structures encountered in the calculation can be reduced to the 
basic forms of Eq.(Al) by taking derivatives of the J- functions with respect to the square of the mass — 
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For a more detailed discussion we refer to ref. fPSl 



APPENDIX B: Ntv LOOP AMPLITUDES IN VCS 



Using the J-function formalism defined in Appendix A, one can get exact solutions for the nine A^Tr-loop diagrams 
of Figjj. By e^ (g^) we denote the polarization- vector (four- momentum) of the incoming virtual photon, and by 
e' (q' ) the corresponding quantities in the outgoing real photon with energy uj' . In order to make contact with the 
VCS amplitudes defined in Eq.(p7|), we use the Coulomb gauge 
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The amplitudes can then be cast in the form 
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and the energy and mass variables T, rh, ifi, mf as defined in section V A 1 



APPENDIX C: Att LOOP AMPLITUDES IN VCS 

The 9 ttA continuum diagrams are shown in Fig.|5|. We find 
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-X (1 -2x)e-q' e' -q [Jo{uj'x - A, m^) + J^{~lu'x - A, m^)] 

^-x{l- 2x) [S-e',S-q]e-q [Joiuj'x - A, m^) - ^(-tj'x - A, m^)] 1 Mi(r) 



e • e 



!^^±il^^ (4'(r - A, m^) + 4'(-T - A>2)) 
+2^ (t^ - (m^ - m^ + ^T)) ( J^'(T - A, m^) + J^'(-T - A, m^)) 
+ ^— ^ [(1 - d) e' • a e • 6 - e' • (c + d) ? • 6 - 2 e' • a ? • (c + d)] ( J^'(r - A, m^) + J^'(-T - A, m^)) 



^-^ e • 5 [5 • e', 5 • (g - g')] {J^T - A, m^) - J^(-T - A, m^)) 
^ 6' . a [5 . 6, 5 . (q - q')] {j'^{T - A, rh") ^{-T - A, m^)) 



4_ ~,.e'[S-c,S- d] {J'^{T - A, m^) _ J^'(_r - A, m^)) 



'- e' • a e • & [S" • c, S- • d] (J^'(T - A, rh^) - J[l{-T - A, m^)) ^ ui{r) 



Amp^^ = i^^ Mr') e ■ ^ ui{r) f dx j(d - 2) ^(-A, mj) + ^ {mj - ml) ^(-A, m})\ , (CI) 



APPENDIX D: tt'-POLE CONTRIBUTIONS 

In this section we explicitly give the 0(p'^) = 0{e^) contribution of 7r"-exchange in the t-channel — Fig.Hf — to the 
generalized spin-polarizabilities of Eqs.( p4|j65| ). In the main part of this work we had included this particular effect 
in the Born part of the structure amplitudes Af°'^"-{uj',9,q) (c.f. Eq.(B^)). However, in the existing literature of 
VCS many authors prefer to consider Tr^-exchange as a genuine contribution to the spin-polarizabilities. For easier 
comparison we list our results below and show the resulting GPs in FigjlJ. 



P, 



asiq) = Pniq) = 

2 5A 1 



anoin 



("1-1)1 V 3 247r2i^2 ^2 + ^2 

^(01.12)1- ^^24^2^2 ^2 +^2 
panom j'^ 9A 1 



(11,02)1 V 3 127r2F2 m2 + g2 

panom _ __ [^ 9A f 

^(11.00)1 - Y 3 ^2^2p2 ^2 + q2 

panom panom panom r» 

^(11,2)1 — ^(014)0 — ^(01,01)1 ~ '-' 

panom _ 9A fT\^'\ 

^(11,11)1 ~-^0^2^2p2 ^2+^-2 (Dl) 
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APPENDIX E: A USEFUL IDENTITY 



It should be noted that, while making the transition from the chiral loop amplitudes in appendices 0, to the 
twelve VCS structure amplitudes Ai, z = 1 ... 12 of Eg. ([4^), one also encounters the matrix element 



e" -qe-q'a- {q' x q) = - {e' x e) ■ {q' x q) a ■ {q' x q) , (El) 

which has to be brought into a form which accompanies one of the twelve structure amplitudes. To achieve this we 
start from the identity 

a ■ fix b ■ Ex + a ■ Cy b ■ Cy + d ■ Cz b ■ iz ~ a ■ h 

and then construct the 3 orthonormal unit vectors Cq, a — x,y, z from the direction vectors q, q' via 

{q' xq) xq , ly = -r— ^ {q' x q) , e^ 



sm y sm ( 



Identifying a — [e' x e) and5 = a one finds a relation for the structure of interest, Eq.(El), 

[e' X e) ■ [q' x q) a ■ [q' x q) = sin^ 9 a ■ {e" x e) — a ■ cb ■ c — sit? 6 {e' x e) ■ q a ■ q , 

with c = q cos 6 — q' . Noting that 

a ■ cb ■ c = sin^ 0a-6+ (a xc)-(cx 61, 
(e" X e) • g (J • g = -e*- q a ■ {e' x q) + e' ■ q a ■ {e x q) + a ■ {e' x e) , 

one obtains 

{e' X e) ■ {q' X q) a ■ {q' x q) = e ■ q a ■ [e' x q) — e' ■ q a ■ {e x q) ~ cos9 e ■ q a ■ {f* x q') — cos9 e-q'a- (e*' x q) 

+ e-q' a- (e" x q') + cos0 e' ■ q a ■ {ex q') - sin^ 9 a ■ {e' x e) . (E2) 
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Quantity 

Pll - \Ptt 

Plt 


Expt. 
30.5 ± 6.2 
-8.6 ±3.9 


ChPT 
26.3 

-5.7 


LSM 

10.9 




ELM 
5.9 
-1.9 


NRQM 
17.0 
-1.7 



TABLE L Experimental values of the response functions measured at MAMI at Q^ = 0.33 GeV^ compared with predictions 
from chiral perturbation theory at 0{p^), the hnear sigma model (LSM) of Metz and Drechsel |24], the effective lagrangian 
model (ELM) of Vanderhaeghen [M| , and the nonrelativistic quark model (NRQM) of Guichon et al. pl| . This table is taken 
fromref. ITi. 
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FIG. 1. The process ep —> e'p'l- 
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(a) 



(b) 



(c) 



FIG. 2. Genuine diagrams for the proper VCS process (a) and for the associated Bethe-Heitler corrections (b,c). 
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FIG. 3. Born diagrams for VCS in the "Small Scale Expansion" 
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FIG. 4. 0(p3) JVtt-Ioop diagrams for VCS. 
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FIG. 5. O(e^) Att-Ioop diagrams for VCS. 
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FIG. 6. 0(p ) HBChPT results for the two spin-independent generalized polarizabilities aE{q ), I3m{<1 ) of Eq.(|5q) 



33 



,(3) 



3 f„ 41 



Ploi.i2)iif) [10-^ fm 



Palo2)Af) [io-=^fm1 




g2 [GeV^ 



0.0 

-2.5 i 

-5.0 

-7.5 

-10.0 

-12.5 I 



0.1 0.2 0.3 0.4 0.5 



f [GeV^ 



n\Too)i(5-') [lO-^fml 



3(3) 



Pioimi^') [lo-^fm'*] 



-10.0 




g2 [GeV' 




f [GeV^ 



FIG. 7. C(p^) HBChPT results for the four independent generalized spin polarizabilities of Eq.(p4). Note that the 
"anomaly-contributions" of appendix O are not included here but plotted separately in FigJl2l 
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FIG. 8. 0{p'^) HBChPT results for the three redundant spin polarizabihties of Eq.(p3), reconstructed from the C-invariance 
constraints of Eq.([Lq). Note that the "anomaly-contributions" of appendix Hare not included here but plotted separately in 
FigH 
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FIG. 9. Absolute 0{e'^) SSE results for the two spin-independent generalized polarizabilities a^ vf"): Pm il'^) '^^ 
Eq.(na), compared to the 0{p'^) HBChPT results shown in gray shading. 
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FIG. 10. Comparison between the 0{e^) SSE results for a''i"-{f), /3lf'^-{q'^) with 0{p^) HBCHPT (in gray shading). Note 
that all curves have been normalized to the experimental results of as, Pm of the proton at the real photon point q ^ 0. 
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FIG. 11. 0{e'^) SSE results for the four independent generalized spin polarizabilities of Ec 
HBChPT results of Eq.(B4|) in gray shading. Note that the "anomaly-contributions" of appendix | 
separately in Fig.[13. 
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FIG. 12. 0{p^) HBChPT/0(e^) SSE 7r°-pole contributions to the generalized spin polarizabilities. 
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